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ABSTRACT
We construct log rigid syntomic cohomology for strictly semistable schemes over the ring of
integers of a p-adic field, and prove that it is interpreted as the extension group of the complex
of admissible filtered (φ,N)-modules.
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1 Introduction
1.1 Main result
Let K be a p-adic field with the ring of integers V . For a smooth scheme X over V , the
rigid syntomic cohomology group H˜ isyn(X , n) was defined firstly by Gros [Gro2] under
certain assumptions, and then by Besser [Bes] in general. Note that the notation H˜syn
is different from [Gro2] and [Bes]. Bannai [Ban] proved that the rigid syntomic coho-
mology can be interpreted as the absolute p-adic Hodge cohomology. His construction
is improved by Chiarellotto, Ciccioni, and Mazzari [CCM] using generalized Godement
resolution.
Absolute cohomology means the extension group of geometric cohomology complex.
See Table 1 of the bottom of this page for example. Let SmK be the category of smooth
varieties over K. Conjecturally, there should exist the rigid abelian tensor category
MMK of mixed motives over K with a functor h : (SmK)
op → Db(MMK), satisfying
some desirable properties. For example, for any cohomology theory ∗ satisfying some
axioms with an abelian category A and a functor RΓ∗ : (SmK)
op → Db(A∗), there is the
realization functorR∗ :MMK → A∗ such that its derived functorDR∗ : D
b(MMK)→
Db(A∗) satisfies RΓ∗ = DR∗ ◦ h. Then DR∗ induces the map
DR∗ : Ext
i
Db(MMK)
(1, h(X)(n)) → ExtiDb(A∗)(1,DR∗ ◦ h(X)(n)) (1.1)
= ExtiDb(A∗)(1, RΓ∗(X)(n)).
The motivic cohomology H iM(X,n) and the absolute cohomology H
i
abs−∗(X,n) for ∗ are
defined to be the left and right hand side of (1.1) respectively. Note that the triangulated
category having desired properties which Db(MMK) should have is constructed by
Voevodsky [Vo]. For example the equality
ExtiDb(MMK)(1, h(X)(n)) = K2n−i(X)
(n)
Q ,
holds, where the right hand side is the eigenspace of Adams operation on the rational
K-group.
Absolute cohomology should be related with the values of (p-adic) L-functions in the
context of (p-adic) Beilinson conjectures. For smooth projective varieties having good
reductions at p, p-adic Beilinson conjecture was formulated by Perrin-Riou [PR]. It can
be interpreted through the rigid syntomic regulator map
rsyn : Ki(X )→ H˜
2n−i
syn (X , n)
Table 1: geometric and absolute cohomology
X geometric cohomology absolute cohomology realization category
over a field
of char. 6= ℓ
ℓ-adic e´tale of X ℓ-adic e´tale of X
ℓ-adic representations of
the absolute Galois group
smooth
over C
Hodge
=
Betti + de Rham
absolute Hodge
=
Deligne
mixed Hodge structures
smooth
over V
p-adic Hodge
=
rigid + de Rham
absolute p-adic Hodge
=
rigid syntomic
admissible filtered
(φ,N)-modules
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constructed by Besser [Bes], and proved in some special cases (cf. [BBdJR], [BK]).
Conjecturally, rsyn should commute with DRHdg in the sense of section 1.2. In the
general setting including bad reduction, p-adic Beilinson conjecture has not yet been
formulated.
The purpose of this paper is to define the log rigid syntomic cohomology for strictly
semistable schemes as the absolute p-adic Hodge cohomology. For a strictly semistable
scheme X , Große-Klo¨nne [GK3] introduced the log rigid cohomology of the special fiber
on which the Frobenius operator and monodromy operator act. On the other hand,
the de Rham cohomology of the generic fiber has the Hodge filtration. Gluing these
complexes, we get the p-adic Hodge complex RΓHdg(X ) which is an object of the certain
triangulated category pHCK . The derived category pHDK of pHCK exists, and we define
the log rigid syntomic cohomology group with Tate n-twist by
H isyn(X , n) = Ext
i
pHDK
(K0,RΓHdg(X )(n)).
The equivalence Θ : Db(MFadK (φ,N)) → p˜HDK in Theorem 2.5.1 gives a validity of
this definition. Namely, when X satisfies Hyodo-Kato condition (HK) in section 4.1,
H isyn(X , n) is regarded as the extension group of a complex of admissible filtered (φ,N)-
modules associated to X .
In [NN], Nekova´rˇ and Nizio l defined the syntomic cohomology for varieties over K
using crystalline cohomology and h-theory. Their results are very general and contain
the situation of this paper. An advantage of (log) rigid syntomic cohomology is that
(log) rigid cohomology is defined as de Rham-type cohomology of an analytic space,
unlike e´tale and h-cohomology. So it is hopefully more amenable to explicit calculation,
and we will be able to use p-adic analysis to relate it with the values of L-functions.
Since (log) rigid syntomic cohomology should have suitable properties for non-proper
schemes, it would be usable to construct the p-adic realization of polylogarithms.
1.2 Philosophy of p-adic Hodge cohomology
LetGK be the absolute Galois group ofK. Let MF
ad
K (φ), MF
ad
K (φ,N), and MF
ad
K (φ,N,GK )
be the categories of admissible filtered φ-modules, (φ,N)-modules, and (φ,N,GK)-
modules defined by Fontaine. Note that they are equivalent to the categories of crys-
talline, semistable, and de Rham representations of GK .
For a strictly semistable scheme X satisfying (HK), RΓHdg(X ) in pHDK should be de-
pend only on the generic fiber X. Moreover there should exist p-adic Hodge cohomology
theory for smooth varieties over K with
RΓHdg : (SmK)
op → Db(MFadK (φ,N,GK))
such that RΓHdg(X) is in D
b(MFadK (φ,N)) and correspond to RΓHdg(X ) by Θ. Fontaine
and Perrin-Riou’s observation of cohomology of filtered modules suggests
Exti
Db(MFadK (φ,N,GK))
(Kur0 , RΓHdg(X)(n)) = Ext
i
Db(MFadK (φ,N))
(K0, RΓHdg(X)(n)),
namely
H iabs−Hdg(X,n) = H
i
syn(X , n). (1.2)
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For a smooth scheme X satisfying (HK), RΓHdg(X) will be in D
b(MFadK (φ)), and we
should have
H˜ isyn(X , n) = Ext
i
Db(MFadK (φ))
(K0, RΓHdg(X)(n)).
Let H iM(X,n)Z be the integral part of the motivic cohomology of X, defined by the
image of the canonical map K2n−i(X )→ H
i
M(X,n). Then rsyn above passes through
rsyn : H
i
M(X,n)Z → H˜
i
syn(X , n),
and it commutes with
DRHdg : H
i
M(X,n)→ H
i
abs−Hdg(X,n)
through the identification (1.2) and the canonical projection H isyn(X , n) → H˜
i
syn(X , n)
given by Proposition 4.2.3.
1.3 Outline of this paper
In section 2, we recall about admissible filtered (φ,N)-modules and define p-adic Hodge
complexes. The extension group of an admissible filtered (φ,N)-module by K0 is com-
puted in [FP] as the cohomology group of the certain simple complex. We generalize
this calculation to extension groups of a complex of admissible filtered (φ,N)-modules.
And then we apply this argument to the calculation of extension groups of p-adic Hodge
complexes. Using those calculations, we will show that Θ : Db(MFadK (φ,N)) → p˜HD
is equivalent (Theorem 2.5.1). These argument follows that of Bannai [Ban] with the
techniques of gluing categories in [Bei1] and [Hu2].
In section 3, we construct the p-adic Hodge complex associated to X . The construc-
tions of log rigid complexes and comparison maps of them are almost due to Große-
Klo¨nne in [GK3]. He constructed the log rigid complexes of two types. One is defined
by choosing admissible liftings and using Steenbrink double complexes, then it has the
Frobenius operator and the monodromy operator. Another one is defined more simply,
and related with the de Rham complex directly. He also constructed the comparison
maps between them. We will show the functoriality of the log rigid complexes with the
operators, which was only unproven.
In section 4, we define the log rigid syntomic cohomology, state some properties
concluded immediately. In particular, we construct the Chern class map following the
method of [Bes] and [Hu2].
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1.5 Notation
• Let K be a p-adic field with the ring of integers V and residue field k. Fix a prime
element π of V . Let W be the ring of Witt vectors of k, K0 be the fraction field of
W , and σ be the Frobenius automorphism on K0. Let vp be the additive valuation
on K0 normalized by vp(p) = 1.
• For a field F , we denote the category of finite dimensional F -vector spaces by
VecF .
• For an abelian category A, we denote the category of bounded complexes of objects
in A by Cb(A), and its derived category by Db(A).
• Assume C is an additive category with internal Hom. For complexes L• and M•
of objects in C, we define a complex Hom•(L•,M•) by
Homi(L•,M•) =
∏
j∈Z
Hom(Lj ,M i+j)
with differential given by
di(f) = (fj+1 ◦ d
j
L + (−1)
i+1di+jM ◦ fj)j
for any f = (fj)j ∈
∏
j∈ZHom(L
j ,M i+j).
2 Calculation of extension groups
In this section, we will show that the derived caterory of admissible filtered (φ,N)-
modules is equivalent to a certain full subcategory of the derived category of p-adic
Hodge complexes, by calculating their extension groups.
2.1 Admissible filtered (φ,N)-modules
We recall about admissible filtered (φ,N)-modules and their tannakian category intro-
duced by Fontaine [Fo].
Definition 2.1.1 (filtered (φ,N)-module). A filtered (φ,N)-module over K is a finite
dimensional K0-vector space M equipped with additional structures as follows:
(1) A σ-semilinear isomorphism φ on M , which is called the Frobenius operator.
(2) A K0-linear endomorphism N on M , which is called the monodromy operator.
(3) A decreasing, separated, and exhaustive filtration F • on MK = M ⊗K0 K by
K-subspaces, which is called the Hodge filtration.
(4) φ and N satisfy Nφ = pφN .
A morphism of filtered (φ,N)-modules is a K0-linear map commuting with φ and N
such that the induced K-linear map preserve Hodge filtration.
Remark 2.1.2. The condition Nφ = pφN implies that N is nilpotent.
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Let M be a filtered (φ,N)-module of dimension d. Choose a K0-basis {e1, . . . , ed}
of M . Then we can write φ(ei) =
∑d
j=1 aijej. Write A = (aij)1≤i,j≤d. We define the
Newton number of M by
tN (M) = vp(detA).
Given another choice of basis and A′, we can write A′ = σ(P )AP−1 with some regular
matrix P . So tN (M) is independent of the choice of a basis.
We define the Hodge number of M by
tH(M) =
∑
n∈Z
n · dimKGr
n
FMK
where GrnFMK = F
nMK/F
n+1MK .
Definition 2.1.3 (admissible filtered (φ,N)-module). A filtered (φ,N)-module M is
called admissible if
(1) tH(M) = tN (M),
(2) For any filtered (φ,N)-submodule M ′ of M , tH(M
′) ≤ tN (M
′).
Let MFadK (φ,N) be the category of admissible filtered (φ,N)-modules over K.
Remark 2.1.4. In classical terminology, the condition ”admissible” in Definition 2.1.3
is called ”weakly admissible”, and admissible means ”coming from a semistable represen-
tation” in the sense of Remark 2.1.5 below. Remark 2.1.5 says that weak admissibility
and admissibility are equivalent, so we abuse the terminology.
MFadK (φ,N) has a tannakian structure over Qp as follows (cf. [Fo2] section 4.3.4).
For filtered (φ,N)-modules L and M , we define φ and N on L ⊗K0 M , and F
• on
(L⊗K0 M)K = LK ⊗K MK by
φ(ℓ⊗m) = φL(ℓ)⊗ φM (m)
N(ℓ⊗m) = NL(ℓ)⊗m+ ℓ⊗NM (m)
F i(LK ⊗K MK) =
∑
j+j′=i
F jLLK ⊗K F
j′
MMK
for any ℓ ∈ L and m ∈ M . Then L⊗K0 M becomes a filtered (φ,N)-module. If L and
M are admissible, then L⊗K0 M is also admissible.
Next, we define φ and N on the set of K0-linear maps HomK0(L,M), and F
• on
HomK0(L,M) = HomK(LK ,MK) by
φ(f)(ℓ) = φM ◦ f ◦ φ
−1
L (ℓ)
N(f)(ℓ) = NM ◦ f(ℓ)− f ◦NL(ℓ)
F iHomK(LK ,MK) = {g : LK →MK | g(F
j
LLK) ⊂ F
i+j
M MK for all j ∈ Z}
for any f ∈ HomK0(M,M
′) andm ∈M . Then HomK0(M,M
′) becomes a filtered (φ,N)-
module. We denote it by Hom(M,M ′). If M and M ′ are admissible, then Hom(M,M ′)
is also admissible.
Remark 2.1.5. There exists an equivalence of tannakian categories between MFadK (φ,N)
and the category of semistable Qp-representations of the absolute Galois group of K. It
is proved by Colmez and Fontaine in [CF] first.
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2.2 Extension groups of admissible filtered (φ,N)-modules
For objects L• andM• in Cb(MFadK (φ,N)), we define the complexes A
•(L•,M•), B•(L•,M•),
and C•(L•,M•), and maps ϕ = ϕ(L•,M•) : A•(L•,M•) → B•(L•,M•) and ψ =
ψ(L•,M•) : B•(L•,M•)→ C•(L•,M•) by
A•(L•,M•) = Hom•(L•,M•)⊕ F 0Hom•(L•K ,M
•
K)
B•(L•,M•) = Hom•(L•,M•)⊕Hom•(L•,M•)⊕Hom•(L•K ,M
•
K)
C•(L•,M•) = Hom•(L•,M•)
ϕ(x, y) = (N(x), x− φ(x), y − x)
ψ(x, y, z) = x− pφ(x)−N(y).
Then we have the double complex
A•(L•,M•)
ϕ
−→ B•(L•,M•)
ψ
−→ C•(L•,M•) (2.1)
of vector spaces over Qp considering An(L•,M•) to be the (n, 0)-component. Let
ϕ′ = ϕ′(L•,M•) : A•(L•,M•)→ Ker• ψ
be a map induced by ϕ, and put
Γ•(L•,M•) = Cone•(A•(L•,M•)[1]→ Cone• ψ) = Cone•(Cone• ϕ→ C•(L•,M•))
Γ˜•(L•,M•) = Coker• ϕ′
Γˆ•(L•,M•) = Coker• ψ = Coker•(Cone• ϕ→ C•(L•,M•)).
Note that Γ•(L•,M•)[−2] is the total complex of (2.1). Now we have two distinguished
triangles
Ker• ϕ′ // Cone• ϕ′[−1] //
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤
Γ˜•(L•,M•)[−1]
Ker•(Cone• ϕ→ C•(L•,M•))[−1] // Γ•(L•,M•)[−2] // Γˆ•(L•,M•)[−2].
(2.2)
Proposition 2.2.1. Let L• and M• be objects in Cb(MFadK (φ,N)). Then
lim
−→
M ′•
Hn(Γ˜•(L•,M ′•)) = 0
for every integer n. Here M ′• runs all quasi-isomorphisms M• →M ′•.
Proof. Since Hn(Γ˜•(L•,M•)) = H0(Γ˜•(L•,M•[−n])), we can put n = 0. It suffices
to prove that for any 0-cocycle ζ of Γ˜•(L•,M•) there exists a quasi-isomorphism f :
M• → M ′• such that f(ζ) is a coboundary of Γ˜•(L•,M ′•). We define an object M ′•
of Cb(MFadK (φ,N)) explicitly for ζ as follows. We simply write d,N, φ the operators on
filtered (φ,N)-modules (omit the subscripts). Take (x, y, z) ∈ Ker0 ψ representing ζ.
Then
x− pφxφ−1 −Ny + yN = 0
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and there exists (s, t) ∈ A1(L•,M•) such that
xd− dx = Ns− sN
yd− dy = s− φyφ−1
zd− dz = sK − t.
We put
M ′i =M i ⊕ Li+1 ⊕ Li ⊕ Li+1 ⊕ Li ⊕ Li ⊕ Li−1
as a vector space over K0 for every integer i. Define the differential, monodromy, and
Frobenius operators on M ′• by sending η = (m, ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6) ∈M
′i to
d(η) = (dm+ xℓ1 − dxℓ2 + xdℓ2 + yℓ3 − dyℓ4 + ydℓ4 + sℓ5 + dsℓ6 + sdℓ6,
−dℓ1, ℓ1 + dℓ2,−dℓ3, ℓ3 + dℓ4, dℓ5,−ℓ5 − dℓ6)
N(η) = (Nm−Nxℓ2 + xNℓ2 −Nyℓ4 + yNℓ4, Nℓ1, Nℓ2 + ℓ5, Nℓ3, Nℓ4, Nℓ5, Nℓ6)
φ(η) = (φm− φxℓ2 +
xφℓ2
p
− φyℓ4 + yφℓ4,
φℓ1
p
,
φℓ2
p
, φℓ3, φℓ4 − φℓ5, φℓ5, φℓ6)
respectively. We define the Hodge filtration on M ′iK by defining F
kM ′iK to be the set con-
sists of all elements (m+xℓ2+yKℓ4+zℓ5− tℓ6, ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6) with m, ℓ1, ℓ2, ℓ3, ℓ4, ℓ5,
and ℓ6 are elements of F
kM iK , F
k+1Li+1K , F
k+1LiK , F
kLi+1K , F
kLiK , F
kLiK , and F
kLi−1K
respectively. Then we can verify that M ′• is a complex of filterd (φ,N)-modules over
K by straightforward calculations. The map f : M• → M ′• is defined by the canonical
inclusion. Let L′• be the cokernel of f (as a complex of vector spaces over K0) with
induced operators. Let L˜• = Cone•(L•
id
−→ L•). Then we have two short exact sequences
of complexes of filtered (φ,N)-modules
0→M• →M ′• → L′• → 0
0→ L˜•(1) ⊕ L˜• → L′• → L˜•[−1]→ 0.
Since M• and L˜• are admissible and admissibility is closed under extension, M ′• is also
admissible. Since L˜• is acyclic, so is L′•, and f is a quasi-isomorphism. To prove f(ζ) is
a coboundary, we define elements (a, b, c) ∈ Ker−1 ψ(L•,M ′•) and (λ, µ) ∈ A0(L•,M ′•)
by
a(ℓ) = (0, ℓ, 0, 0, 0, 0, 0), b(ℓ) = (0, 0, 0, ℓ, 0, 0, 0), c(ℓ′) = (0, 0, 0, 0, 0, 0, 0)
λ(ℓ) = (0, 0, 0, 0, 0,−ℓ, 0), µ(ℓ′) = (−zℓ′, 0, 0, 0, 0,−ℓ′ , 0)
for every ℓ ∈ Li and ℓ′ ∈ LiK . Then
fx = da+ ad+Nλ− λN
fy = db+ bd+ λ− φλφ−1
fz = dc+ cd+ λK − µ
so we complete the proof.
Proposition 2.2.2. Let L• and M• be objects in Cb(MFadK (φ,N)). Then
lim
−→
M ′•
Hn(Γˆ•(L•,M ′•)) = 0
for every integer n. Here M ′• runs all quasi-isomorphisms M• →M ′•.
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Proof. We fix an L• in Cb(MFadK (φ,N)). Then Γˆ(L
•,M•) = Coker• ξM• where
ξ = ξM• : Hom
•(L•,M•)⊕Hom•(L•,M•)→ Hom•(L•,M•) : (x, y) 7→ x−pφ(x)−N(y),
By shifting, we may assume n = 0. It suffices to show there exists a quasi-isomorphism
f : M• → M ′• such that f(x) lies in the image of ξM ′• for any x ∈ Hom
0(L•,M•). We
define such M ′• as follows. Let M˜• = Cone•(M•
id
−→M•)[−1]. For k ≥ 1 we define
M•k =M
• ⊕ M˜•(1) ⊕ · · · ⊕ M˜•(k)
as a complex of filtered vector spaces over K0, and put M
•
0 = M
•. We define the i-th
monodromy operator and Frobenius operator onM•k by sending η = (y0, y1, z1, . . . , zk−1, yk, zk) ∈
M ′i to
N(η) = (Ny0 − y1, Ny1 − y2, Nz1 − z2, . . . , Nzk−1 − zk, Nyk, Nzk)
φ(η) = (φy0 − pφy1, pφy1 − p
2φy2, pφz1 − p
2φz2, . . . , p
k−1φzk−1 − p
kφzk, p
kφyk, p
kφzk)
respectively. Then we can verify that M•k is a complex of filtered Frobenius monodromy
modules over K by straightforward calculations. Since
0→M•k−1 →M
•
k → M˜
•(k)→ 0
is exact and M˜•(k) is admissible, each M•k is also admissible. Let r = 2r0 be an integer
such that N r0 on M• vanish, and put M ′• = M•r . Let f : M
• → M ′• be the natural
inclusion. For x ∈ Hom0(L•,M•), we define a ∈ Hom0(L•,M ′•) by
a(ℓ) = (0, xℓ, 0, Nxℓ − xNℓ, 0, N2xℓ− 2NxNℓ+ xN2ℓ, 0,
. . . ,
∑
0≤k≤r−1
(−1)k
(
r − 1
k
)
N r−1−kxNkℓ, 0).
Then we have
Na(ℓ)− aN(ℓ) = (−xℓ, 0, 0, . . . , 0)
and
f(x) = ξM ′•(0, a).
Lemma 2.2.3. Let L• and M• be two objects in Cb(MFadK (φ,N)). We denote ϕ =
ϕ(L•,M•). Then we have the canonical isomorphism
Hn(Ker• ϕ) ∼= HomKb(MFadK (φ,N))
(L•,M•[n]).
Proof. Consider the condition for that an element ζ = (xj , yj)j ∈ A
n(L•,M•) de-
fines a map L• → M•[n] in Cb(MFadK (φ,N)). Then we notice that preservability
of Hodge filtration and compatibility of monodromy operator and Frobenius operator
are equivalent to the condition ζ is in the kernel of ϕ. Compatibility of differential
means ζ is an n-cocycle of Ker• ϕ. So the group of n-cocycles of Ker• ϕ is isomor-
phic to HomCb(MFadK (φ,N))
(L•,M•[n]). Finally, ζ is a coboundary if and only if the map
L• →M•[n] corresponding to ζ is homotopic to zero map.
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Lemma 2.2.4. Let L• be an object in Cb(MFadK (φ,N)). For every quasi-isomorphism
M• →M ′• in Cb(MFadK (φ,N)), the induced map Γ
•(L•,M•)→ Γ•(L•,M ′•) in Cb(VecQp)
is also quasi-isomorphic.
Proof. Since internal Hom and taking cone define exact functors, Γ•(L•,−) is also exact.
So the lemma follows.
Theorem 2.2.5. For every objects L• andM• of Cb(MFadK (φ,N)), we have the canonical
isomorphism
Extn(L•,M•) = HomDb(MFadK (φ,N))
(L•,M•[n]) ∼= Hn(Γ•(L•,M•)[−2]).
Proof. Taking direct limit of the cohomology long exact sequence obtained from distin-
guished triangles (2.2) for all quasi-isomorphisms M• → M ′•, by Proposition 2.2.1 and
Proposition 2.2.2, we have the canonical isomorphism
lim−→
M ′•
Hn(Ker• ϕ′(L•,M ′•)) ∼= lim−→
M ′•
Hn(Γ•(L•,M ′•)[−2]). (2.3)
By Lemma 2.2.3 and Ker• ϕ = Ker• ϕ′, the left hand side in (2.3) is canonically isomor-
phic to
lim−→
M ′•
HomKb(MFadK (φ,N))
(L•,M ′•[n]) = HomDb(MFadK (φ,N))
(L•,M•[n]).
By Lemma 2.2.4, the right hand side in (2.3) is canonically isomorphic toHn(Γ•(L•,M•)[−2]).
2.3 p-adic Hodge complexes
We define the category of p-adic Hodge complexes and its derived category following the
argument of [Ban].
Definition 2.3.1. Let Cbrig,K0 be the category of triples (M
•, φ,N) where
(1) M• is an object in Cb(VecK0).
(2) φ : M• → M• is a σ-semilinear endomorphism of complexes called the Frobenius
operator.
(3) N : M• → M• is a nilpotent endomorphism in Cb(VecK0) called the monodromy
operator.
(4) φ and N satisfies Nφ = pφN .
A morphism in Cbrig,K0 is a morphism in C
b(VecK0) which is compatible with φ and N .
Definition 2.3.2. Let CbdR,K be the category of pairs (M
•, F ) where
(1) M• is an object in Cb(VecK).
(2) F is a separated exhaustive descending filtration onM• called the Hodge filtration.
A morphism in CbdR,K is a morphism in C
b(VecK) which preserves F .
Definition 2.3.3. A p-adic Hodge complex is a systemM• = (M•rig, φ,N,M
•
K ,M
•
dR, F, α, β)
where
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(1) (M•rig, φ,N) is an object in C
b
rig,K0
.
(2) M•K is an object in C
b(VecK).
(3) (MdR, F ) is an object in C
b
dR,K .
(4) α : M•rig ⊗K0 K → M
•
K and β : M
•
dR → M
•
K are morphisms in C
b(VecK). We call
them comparision maps.
We call M•rig (resp. M
•
K , M
•
dR) the rigid (resp. K-, de Rham) specialization of M
•. A
morphism of p-adic Hodge complexes is a triple of morphisms on specializations which
are compatible with comparison maps. We denote pHCK the category of p-adic Hodge
complexes.
A morphism in pHCK is homotopic to zero if it has a homotopy on every specializa-
tion. We define the homotopy category pHKK of p-adic Hodge complexes to be pHCK
modulo morphisms homotopic to zero. A p-adic Hodge complex is acyclic if every spe-
cialization is acyclic. Then the localization of pHKK by acyclic objects exists, and has
the natural structure of triangulated category. We denote it by pHDK .
2.4 Extension groups of p-adic Hodge complexes
Note that Cbrig,K0 and C
b
dR,K are additive categories with internal Hom. Let L
• andM• be
objects in pHCK . We assume that the Frobenius operator φ on L
• is an automorphism.
Then we define the complexes A•(L•,M•), B•(L•,M•), and C•(L•,M•) and maps Φ =
Φ(L•,M•) : A•(L•,M•)→ B•(L•,M•) and Ψ = Ψ(L•,M•) : B•(L•,M•)→ C•(L•,M•)
by
A•(L•,M•) = Hom•(L•rig,M
•
rig)⊕Hom
•(L•K ,M
•
K)⊕ F
0Hom•(L•dR,M
•
dR)
B•(L•,M•) = Hom•(L•rig,M
•
rig)⊕Hom
•(L•rig,M
•
rig)⊕Hom
•(L•rig,M
•
K)⊕Hom
•(L•dR,M
•
K)
C•(L•,M•) = Hom•(L•rig,M
•
rig)
Φ(x, y, z) = (N(x), x − φ(x), αx− yα, yβ − βz)
Ψ(x, y, z, w) = x− pφ(x)−N(y).
Then we have a double complex
A•(L•,M•)
Φ
−→ B•(L•,M•)
Ψ
−→ C•(L•,M•) (2.4)
of vector spaces over Qp considering An(L•,M•) to be the (n, 0)-component. Let
Φ′ = Φ′(L•,M•) : A•(L•,M•)→ Ker•Ψ
be a map induced by Φ, and put
Λ•(L•,M•) = Cone•(A•(L•,M•)[1]→ Cone•Ψ) = Cone•(Cone•Φ→ C•(L•,M•))
Λ˜•(L•,M•) = Coker• Φ′
Λˆ•(L•,M•) = Coker•Ψ = Coker•(Cone• Φ→ C•(L•,M•)).
Note that Λ•(L•,M•) is the total complex of (2.4). Now we have two distinguished
triangles
Ker•Φ′ // Cone• Φ′[−1] //
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤
Λ˜•(L•,M•)[−1]
Ker•(Cone•Φ→ C•(L•,M•))[−1] // Λ•(L•,M•)[−2] // Λˆ•(L•,M•)[−2].
(2.5)
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Remark 2.4.1. For an object M• in pHCK , we define the complexes A
•
0(M
•), B•0(M
•),
C•0(M
•), and Λ•0(M
•) by
A•0(M
•) = M•rig ⊕ F
0M•dR
B•0(M
•) = M•rig ⊕M
•
rig ⊕M
•
K
C•0(M
•) = M•rig
Λ•0(M
•) = Cone•(A•0(M
•)[1]→ Cone•Ψ0) = Cone
•(Cone•Ψ0 → C
•
0(M
•)).
where
Φ0 = Φ0(M
•) : A•0(M
•)→ B•0(M
•) : (x, y) 7→ (N(x), x − φ(x), α(x) − β(y))
Ψ0 = Ψ0(M
•) : B•0(M
•)→ C•0(M
•) : (x, y, z) 7→ x− pφ(x)−N(y).
Then the maps
A•(K0,M
•)→ A•0(M
•) : (x, y, z) 7→ (x, z)
B•(K0,M
•)→ B•0(M
•) : (x, y, z, w) 7→ (x, y, z + w)
C•(K0,M
•)→ C•0(M
•) : x 7→ x
induce the quasi-isomorphism
Λ•(K0,M
•)→ Λ•0(M
•).
Proposition 2.4.2. Let L• and M• be objects in pHCK . Assume that comparision
maps of L• are identity maps, and φ on L•rig is an automorphism. Then
lim
−→
M ′•
Hn(Λ˜•(L•,M ′•)) = 0
for every integer n. Here M ′• runs all quasi-isomorphisms M• →M ′•.
Proof. We can prove this by the idea similar to Proposition 2.2.1. We assume n = 0.
Denote the compression maps of M• by α and β. Let ζ be a 0-cocycle of Λ˜(L•,M•).
Take (x, y, z, w) ∈ Ker0Ψ representing ζ. Then there exists (s, t, u) ∈ A1(L•,M•) such
that
−dx = Ns, − dy = s− φs, − dz = αsK − t, − dw = t− βu.
Let
M ′irig = M
i
rig ⊕ L
i+1
rig ⊕ L
i
rig ⊕ L
i+1
rig ⊕ L
i
rig ⊕ L
i
rig ⊕ L
i−1
rig
M ′iK = M
i
K ⊕ L
i+1
K ⊕ L
i
K ⊕ L
i+1
K ⊕ L
i
K ⊕ L
i
K ⊕ L
i−1
K
M idR = M
i
dR ⊕ L
i
dR ⊕ L
i−1
dR .
We define the differential, monodromy, and Frobenius operators on M ′•rig same as proof
of Proposition 2.2.1. Define the differentials on M ′•K and M
′•
dR by
d(m, ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6)
= (dm+ αxℓ1 − αdxℓ2 + αxdℓ2 + αyKℓ3 − αdyKℓ4 − αyKdℓ4 + tℓ5 + dtℓ6 + tdℓ6,
−dℓ1, ℓ1 + dℓ2,−dℓ3, ℓ3 + dℓ4, dℓ5,−ℓ5 − dℓ6)
d(m, ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6)
= (dm+ uℓ1 + duℓ2 + udℓ2, dℓ1,−ℓ1 − dℓ2)
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respectively. The Hodge filtration on M ′•dR is defined by direct sum. The comparision
maps M ′•rig ⊗K →M
′•
K and M
′•
dR →M
′•
K are defined by
(m, ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6) 7→ (αm− zKℓ5 − dzKℓ6 + zKdℓ6, ℓ1, ℓ2, ℓ3, ℓ4, ℓ5, ℓ6)
(m, ℓ1, ℓ2) 7→ (βm+ wℓ1 + dwℓ2 + wdℓ2, 0, 0, 0, 0, ℓ1 , ℓ2).
Define f = (frig, fK , fdR) : M
• → M ′• as inclusions to the first summands on special-
izations. We define elements (a, b, c, e) ∈ Ker−1Ψ(L•,M ′•) and (λ, µ, ν) ∈ A0(L•,M ′•)
by c = 0, e = 0, and
a(ℓ) = (0, ℓ, 0, 0, 0, 0, 0), b(ℓ) = (0, 0, 0, ℓ, 0, 0, 0)
λ(ℓ) = (0, 0, 0, 0, 0,−ℓ, 0), µ(ℓ′) = (0, 0, 0, 0, 0,−ℓ′ , 0), ν(ℓ′) = (0,−ℓ′, 0)
for every ℓ ∈ Lirig and ℓ
′ ∈ LiK = L
i
dR. Then we have
frigx = da+ ad+Nλ− λN
frigy = db+ bd+ λ− φλφ
−1
fKz = dc+ cd+ αλ− µα
fdRw = de+ ed+ µβ − βν
so we complete the proof.
Proposition 2.4.3. Let L• and M• be objects in pHCK . Assume that φ on L
•
rig is an
automorphism. Then
lim−→
M ′•
Hn(Λˆ•(L•,M ′•)) = 0
for every integer n. Here M ′• runs all quasi-isomorphisms M• →M ′•.
Proof. Define ξM• : Hom
•(L•rig,M
•
rig)⊕Hom
•(L•rig,M
•
rig)→ Hom
•(L•rig,M
•
rig) by ξ(x, y) =
x − pφ(x) − N(y). Let r = 2r0 be an integer such that N
r0 on M• is zero. Let
M˜• = Cone•(M•
id
−→M•)[−1]. For ? ∈ {rig,K,dR}, putM ′•? =M
•
?⊕M˜
•
? (1)⊕· · ·⊕M˜
•
? (r)
as complexes. Define the monodromy and Frobenius operators on M ′•rig as the proof of
Proposition 2.2.2. Let f : M• →M ′• the natural inclusion. Then f(x) lies in the image
of ξM ′• for any x ∈ Hom
0(L•rig,M
•
rig).
Theorem 2.4.4. Let L• and M• be objects in pHCK . Assume that comparision maps
of L• are identity maps, and φ on L•rig is an automorphism. Then we have the canonical
isomorphism
Extn(L•,M•) = HompHDK (L
•,M•[n]) ∼= Hn(Λ•(L•,M•)[−2]).
Proof. It follows from Proposition 2.4.2 and Proposition 2.4.3 in the same way as The-
orem 2.2.5.
2.5 Equivalence of derived categories
Let pHD≤0K (resp. pHD
≥0
K ) be the full subcategory of pHDK consisting of objects such
that the specializations are acyclic in degree > 0 (resp. < 0). Then (pHD≤0K , pHD
≥0
K ) is
a non-degenerate t-structure on pHDK . The natural functor C
b(MFadK (φ,N)) → pHCK
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induces the functor Θ : Db(MFadK (φ,N))→ pHDK which is compatible with t-structures.
Through this functor, we regard MFadK (φ,N) to be a subcategory of the heart of the t-
structure on pHDK .
We say that an object in pHDK is strict if it is represented by an object M
• in
pHCK such that d
i(F jM idR) = d
i(M idR) ∩ F
jM i+1dR for any i and j. Let p˜HDK be the
full subcategory of strict objects in pHDK whose cohomology objects with respect to
the t-structure are in MFadK (φ,N). Then p˜HDK is a trianglated subcategory of pHDK ,
and the heart of induced t-structure is MFadK (φ,N).
Theorem 2.5.1. The functor Θ : Db(MFadK (φ,N))→ p˜HDK is an equivalence.
Proof. By definition, this functor induces an equivalence on the hearts. Thus, by [Bei2]
Lemma 1.4, it suffices to show that for any objects L and M in MFadK (φ,N) and n > 0
Extn(L,M) → Extn(Θ(L),Θ(M)) is an isomorphism. By Theorem 2.2.5 and Theo-
rem 2.4.4, it suffices to show that Γ•(L,M)[−2] and Λ•(Θ(L),Θ(M))[−2] are quasi-
isomorphic. Explicitly, Γ•(L,M)[−2] is
Hom(L,M)⊕ F 0Hom(LK ,MK)
→ Hom(L,M)⊕Hom(L,M)⊕Hom(LK ,MK)
→ Hom(L,M)
here two arrows are defined by (x, y) 7→ (N(x), x − φ(x), y − x) and (x, y, z) 7→ x −
pφ(x)−N(y). And Λ•(Θ(L),Θ(M))[−2] is
Hom(L,M)⊕Hom(LK ,MK)⊕ F
0Hom(LK ,MK)
→ Hom(L,M)⊕Hom(L,M)⊕Hom(L,MK)⊕Hom(LK ,MK)
→ Hom(L,M),
here two arrows are defined by (x, y, z) 7→ (N(x), x−φ(x), x−y, y−z) and (x, y, z, w) 7→
x− pφ(x)−N(y). One can easily check that these are quasi-isomorphic.
3 Log rigid cohomology
3.1 Generalized Godement resolution
To define the functorial p-adic Hodge complexes associated to strictly semistable schemes,
we need a functorial flasque resolution of sheaves on dagger spaces. For this, dagger
spaces do not have enough points. Namely, a sheaf on a dagger space can be non-trivial
even if its stalk at every point of underlying set is trivial. Using the points in the sense
of van der Put and Schneider [vdPS], we obtain the generalized Godement resolution
following [CCM].
For a site X, we write the category of sheaves of abelian groups on X by Sh(X).
Definition 3.1.1. Let u : P → X be a morphism of sites, u∗ : Sh(X) → Sh(P )
be the functor induced by u. Let η : idSh(X) → u∗u
∗ and ǫ : u∗u∗ → idSh(P ) be
the natural transformations given by adjoint property. For an object F in Sh(X) and
n ≥ 0, let Bn+1(F) = (u∗u
∗)n(F). Then we get a co-simplicial sheaf B•(F) with
(u∗u
∗)iu∗ǫu
∗(u∗u
∗)n−1−i and (u∗u
∗)iη(u∗u
∗)n−i as i-th co-degeneracy and i-th co-face.
Let GdPF be the associated complex of Sh(X).
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For a complex F• of sheaves on X, let GdP (F
•) be the total complex of the double
complex GdP (F
i)j.
Proposition 3.1.2 ([CCM] Lemma 3.1). There is a canonical morphism bF : F →
GdPF , which is quasi-isomorphism if u
∗ is exact and conservative.
Proposition 3.1.3 ([CCM] Lemma 3.2). Suppose we are given a commutative diagram
of sites
P
g //
u

	
Q
v

X
f
// Y,
and sheaves F on Y and G on X, and a morphism a : G → f∗F . Then there exists a
canonical morphism GdQG → f∗GdPF which is compatible with bF and bG .
Definition 3.1.4 (prime filter). Let X be a rigid analytic space over K. A prime filter
on X is a system p of admissible open subsets of X such that
• p contains ∅ and X .
• If U1,U2 ∈ p, then U1 ∩ U2 ∈ p.
• If U ∈ p, then every admissible open subset of X which contains U is also in p.
• If U ∈ p and {Ui}i∈I is an admissible covering of U , then Ui0 ∈ p for some i0 ∈ I.
For an admissible open subset U of X , Let U˜ be the set of prime filters on X containing
U . Let P ′(X ) (resp. Pt′(X )) be the sets of prime filters on X with the topology generated
by all U˜ ’s (resp. with the discrete topology). Let P (X ) and Pt(X ) be the site associated
to topological spaces P ′(X ) and Pt′(X ). Let σ : P (X ) → X be the morphism of sites
defined by U 7→ U˜ . Let ξ : Pt(X ) → X be the composition of the natural morphism
Pt(X )→ P (X ) with σ.
Proposition 3.1.5 ([CCM] Lemma 3.8). ξ∗ : Sh(X )→ Sh(Pt(X )) is exact and conser-
vative.
Since every dagger space Y is homeomorphic to its completion Yˆ as Grothendieck
topological spaces, by Proposition 3.1.2 and Proposition 3.1.5 we can define the Gode-
ment resolution GdanF of F ∈ Sh(Y) as GdPt(Yˆ)F .
3.2 Log rigid complexes
Contents of this subsection are almost quotations from the first section of [GK3] with
some arranging notations. In the following, we use generalized Godement resolution
Gdan to define log rigid complexes. We refer [Me], [GK1] and [LM] for weak formal
schemes and dagger spaces.
Let S˜ be the log scheme SpecW [t] with the log structure associated to N → W [t] :
1 7→ t, S be the exact closed log subscheme of S˜ defined by (p), S0 be the exact closed
log subscheme of S defined by (t). Let S be the weak completion of S˜. Let SW and SV
be the exact closed weak formal subschemes of S defined by t 7→ 0 and t 7→ π.
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For a fine S0-log scheme (Y,N ) and a choice of an open covering {Ui}i∈I of Y and
exact closed immersions (Ui,N ) →֒ (Pi,NPi) into smooth weak formal SW -(resp. SV -
)log schemes, Große-Klo¨nne defined a bounded complex of K0-(resp. K-) vector spaces.
We call them the log rigid complexes of (Y,N ) over K0 (resp. over K), and denote by
RΓ0((Y,N ); {(Pi,NPi)}i∈I) (resp. RΓK((Y,N ); {(Pi,NPi)}i∈I)).
For a morphism f : (Y ′,N ′) → (Y,N ) of fine S0-log schemes and a choice of
{(Pi,NPi)}i∈I for (Y,N ) and {(P
′
j ,NP′j)}j∈J for (Y
′,N ′) as above, he also defined
a complex RΓ?(f ; {(Pi,NPi)}i∈I , {(P
′
j ,NP′j )}j∈J) with maps
RΓ?((Y
′,N ′); {(P′j ,NP′j )}j∈J) → RΓ?(f ; {(Pi,NPi)}i∈I , {(P
′
j ,NP′j )}j∈J)
← RΓ?((Y,N ); {(Pi,NPi)}i∈I)
here ? is 0 or K, and the first map is quasi-isomorphism. This gives the functoriality of
log rigid complexes in the derived category.
A log scheme with boundary is a morphism ι : (Y,NY ) →֒ (Y ,NY ) such that the
underlying morphism of schemes is a schematically dense open immersion, NY → ι∗NY
is injective, ι∗NY = NY , and (ι∗NY )
gp = N gp
Y
. We refer [GK2] for details on log schemes
with boundary. For an S-log scheme with boundary (Y,NY ) →֒ (Y ,NN ) and a choice
of an open covering {U i}i∈I of Y and boundary exact closed immersions ((Ui,NY ) →֒
(U i,NY ))→ ((Pi,NPi) →֒ (Pi,NPi)), Große-Klo¨nne defined a bounded complex of K0-
vector spaces. We call it the log rigid complex of (Y,NY ) →֒ (Y ,NN ), and denote by
RΓ((Y,NY ) →֒ (Y ,NN ); {(Pi,NPi) →֒ (Pi,NPi)}i∈I).
More generally, he also defined the log rigid complexes of a simplicial fine S0-log
scheme and of a simplicial S-log schemes with boundary.
3.3 Frobenius and monodromy operator
We use the definition of monodromy operators on log rigid cohomology due to Große-
Klo¨nne [GK3].
Definition 3.3.1 (strictly semistable scheme). A V -scheme X is strictly semistable if
Zariski locally it is e´tale over SpecV [T1, . . . , Tn]/(T1 · · ·Tr − π) for some 0 ≤ r ≤ n.
From now on, we use the following notation; X is a strictly semistable scheme over
V with the generic fiber X and the special fiber Y . Let NX be the log structure on
X defined from Y , and NY be its pull-back to Y . (X,NX) is the weak completion of
(X ,NX ).
Definition 3.3.2 (admissible lifting). An admissible lifting of X is a weak formal log
scheme (Z,NZ) over S together with an isomorphism (X,NX) ∼= (Z,NZ)×S SV and an
endomorphism φ on Z satisfying the following conditions:
(1) The underlying weak formal scheme Z is smooth over SpwfW , flat over SpwfW [t]†.
(2) Z = Z×SpwfW [t]† Speck[t] is generically smooth over Speck[t].
(3) Y = Z ×SpwfW [t]† SpwfW is a normal crossing divisor on Z, and NZ is the log
structure defined from this.
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(4) φ is a lift of p-th power Frobenius on Z, is compatible with σ on SpwfW [t]†, and
sends equations for the W -flat irreducible components to their p-th powers.
We follow the construction of the log rigid cohomology by Große-Klo¨nne in [GK4].
Note that admissible liftings locally exist. Denote the irreducible components of Y by
{Yi}i∈I . Let {Uh}h∈H be an open covering of X such that there exist admissible liftings
Zh of Uh for any h ∈ H. For h ∈ H and i ∈ I we let Yh,i be the uniqueW -flat component
of Yh which lifts Yi ∩ Uh,k; if Yi ∩ Uh,k is empty we let Yh,i be the empty weak formal
scheme. For m ≥ 0 and α = (h0, . . . , hm) ∈ H
m+1, let Uα =
⋂m
r=0 Uhr , and let Z
′′
α be the
blowing up of
∏m
r=0 Zhr along
∑
i∈I
∏m
r=0Yhr,i (products are taken over SpwfW ). Let
Z′α be the complement of the strict transforms of all
Yhr,i ×
∏
0≤r′≤m, r′ 6=r
Zhr′
in Z′′α, and Y
′
α be its exceptional divisor. Let Tα be the blowing up of
∏m
r=0 SpwfW [t]
†
along
∏m
r=0 SpwfW . The diagonal embedding SpwfW [t]
† →
∏m
r=0 SpwfW [t]
† lifts to
an embedding SpwfW [t]† → Tα. Then there exists a natural morphism Z
′
α → Tα, and
Zα = Z
′
α ×Tα SpwfW [t]
† is smooth over W , and has a relative normal crossing divisor
Yα = Y
′
α ×Tα SpwfW . Let NZα be the log structure on Zα defined by Yα. Denote ω˜
•
Zα
the logarithmic de Rham complex of (Zα,NZα) over (SpwfW, triv.). Let
ω˜•Yα = ω˜
•
Zα ⊗OYα
ω•Yα = ω˜
•
Yα/(ω˜
•−1
Yα
∧ dlogt)
Pj ω˜
•
Zα = Im(ω˜
j
Zα
⊗ Ω•−jZα → ω˜
•
Zα)
Pj ω˜
•
Yα = Pj ω˜
•
Zα/(ω˜
•
Zα ⊗ JYα)
where Ω•Zα is the non-logarithmic de Rham complex of Zα over SpwfW , JYα is the ideal
sheaf of Yα in Zα. The Steenbrink double complex A
•,• on Yα,Q is defined by
Ai,jα = ω˜
i+j+1
Yα,Q
/Pj ω˜
i+j+1
Yα,Q
,
the vertical differentials Ai,jα → A
i+1,j
α are induced by (−1)jd : ω˜
i+j+1
Yα
→ ω˜i+j+2Yα , and
the horizontal differentials Ai,jα → A
i,j+1
α are induced by ω 7→ ω ∧ dlogt. Let A•α be the
associated total complex. Let
Um =
∐
α∈Hm+1
Uα
Ym,Q =
∐
α∈Hm+1
Yα,Q
and A•m =
∐
A•α be a complex of sheaves on Ym,Q.
We define RΓrig(X ; {Zh}h∈H) to be the total complex of Γ(]U•,k[Y• ,GdanA
•
•). The
diagonal actions of φ on ZG induce the Frobenius operator φ on RΓrig(X ; {Zh}h∈H)
which is a σ-semilinear bijection. The monodromy operator N on RΓrig(X ; {Zh}h∈H) is
induced by (−1)j+1 times the natural projections Ai,jα → A
i−1,j+1
α , and it is nilpotent.
These operators satisfy the relation Nφ = pφN . In particular, RΓrig(X , {Zh}h∈H) is an
object in Cbrig,K0 .
17
The natural map ω˜•Yα,Q → A
•,0
α : η 7→ η∧dlogt induces a quasi-isomorphisms ω•Yα,Q →
A•α and
RΓ0((Y,NY ), {(Yh,NYh)}h∈H)→ RΓrig(X , {Zh}h∈H) (3.1)
3.4 Functoriality; construction of maps
Let X and X ′ be strictly semistable schemes over V , f : X ′ → X be a V -morphism.
Denote the irreducible components of Y and Y ′ by {Yi}i∈I and {Y
′
j }j∈J respectively.
Let
Ji = {j ∈ J | f(Y
′
j ) ⊂ Yi}, I0 = {i ∈ I | Ji 6= ∅}.
Then we have J =
∐
i∈I0
Ji. Take an open covering {Uh}h∈H of X with admissible
liftings {Zh}h∈H and an open covering {U
′
g}g∈G of X
′ with admissible liftings {Z′g}g∈G.
Let L = G×H. For ℓ = (g, h) ∈ L, we write U×ℓ = U
′
g ∩ f
−1(Uh), Zℓ = Zh, and Z
′
ℓ = Z
′
g.
For i ∈ I, j ∈ J , and ℓ = (g, h) ∈ L, let Yℓ,i and Y
′
ℓ,j be the unique W -flat components
of Yℓ and Y
′
ℓ which lift Yi ∩ Uh,k and Y
′
j ∩ Ug,k respectively; if Yi ∩ Uh,k is empty we let
Yℓ,i be the empty weak formal scheme.
For m ≥ 0 and α = (ℓ0, . . . , ℓm) ∈ L
m+1, let Jα be the ideal of
∑
i∈I0, j∈Ji
m∏
r=0
(Yℓr,i ×Y
′
ℓr,j) ⊂
m∏
r=0
(Zℓr × Z
′
ℓr),
and P′′α be the blowing-up along Jα. Let Iα be the ideal of
m∏
r=0
(SpwfW × SpwfW ) ⊂
m∏
r=0
(SpwfW [tℓr ]
† × SpwfW [sℓr ]
†),
and Tα be the blowing-up along Iα, here tℓr ’s and sℓr ’s are indeterminates. Then the di-
agonal embedding SpwfW [t]† →
∏m
r=0(SpwfW [tℓr ]
†×SpwfW [sℓr ]
†) lifts to SpwfW [t]† →
Tα. Denote
qα :
m∏
r=0
(Zℓr × Z
′
ℓr)→
m∏
r=0
(SpwfW [tℓr ]
† × SpwfW [sℓr ]
†)
the natural morphism, and let
θα :
⊕
n≥0
q−1α (Iα)
n →
⊕
n≥0
J nα
be the induced homomorphism of graded rings. Let V(θα(tℓr), θα(sℓr))
m
r=0 be the closed
weak formal subscheme of P′′α defined by all images of degree-1 elements tℓr and sℓr by
θα. Let P
′
α be the complement of V(θα(tℓr), θα(sℓr))
m
r=0 and the strict transforms of
(Yℓr ,i × Z
′
ℓr)×
∏
0≤r′≤m, r′ 6=r
(Zℓr′ × Z
′
ℓr′
)
(Zℓr ×Y
′
ℓr,j)×
∏
0≤r′≤m, r′ 6=r
(Zℓr′ × Z
′
ℓr′
)
for all i ∈ I and j ∈ J in P′′α. Then we have a natural morphism P
′
α → Tα. Let
Pα = P
′
α ×Tα SpwfW [t]
†. Then the exceptional divisor Qα is a normal crossing divisor
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on Pα. As the construction of Y•,Q and A
•
• in last subsection, we can define a simplicial
dagger space Q•,Q and complexes B
•
• of sheaves. We define RΓrig(f ; {Zh}h∈H , {Z
′
g}g∈G)
to be the total complex of Γ(]U×•,k[Q• ,GdanB
•
•), then this is an object in C
b
rig,K0
. Moreover
we have natural maps
RΓrig(X , {Zh}h∈H)→ RΓrig(f ; {Zh}h∈H , {Z
′
g}g∈G)
(∗)
←−− RΓrig(X ′; {Z′g}g∈G) (3.2)
in Cbrig,K0.
Lemma 3.4.1. The map (∗) in (3.2) is a quasi-isomorphism.
Proof. Since the following diagram (3.3) is commutative and vertical arrows are quasi-
isomorphic, it suffices to show that ]U×•,k[Q•→]U
′
•,k[Y′• is a relative open polydisk.
Γ(]U ′•,k[Y′• ,Gdanω
•
Y′•,Q
)

// Γ(]U×•,k[Q• ,Gdanω
•
Q•,Q
)

RΓrig(X ′, {Z′g}g∈G)
(∗) // RΓrig(f ; {Zh}h∈H , {Z′g}g∈G)
(3.3)
Since the statement is local, we may assume that there are finite sets I¯ and J¯ which
contain I and J respectively, and e´tale morphisms
Zℓ → SpwfW [Tℓ,i]
†
i∈I¯
, Z′ℓ → SpwfW [Sℓ,j]
†
j∈J¯
such that Yℓ,i and Y
′
ℓ,j are defined by Tℓ,i and Sℓ,j respectively for all ℓ ∈ L, i ∈ I, and
j ∈ J . Then, for fixed any 0 ≤ q ≤ m, i0 ∈ I0, and j0 ∈ J , Qα and Y
′
α are e´tale over
Rα = Spwf
W [T±1ℓr ,a, Tℓr ,a′ , Sℓq ,b, Sℓr,b′ , (
Sℓ
r′
,c
Sℓq,c
)±1, (
∏
j∈Jd
Sℓq,j
Tℓq,d
)±1]†
0 ≤ r ≤ m, 0 ≤ r′ ≤ m, r 6= r′
a ∈ I \ I0, a
′ ∈ I¯ \ I
b ∈ J, b′ ∈ J¯ \ J
c ∈ J \ {j0}, d ∈ I0 \ {i0}
(
∏
j∈J Sℓq,j)
and
V′α = Spwf
W [Sℓq,b, Sℓr,b′ , (
Sℓ
r′ ,c
Sℓq,c
)±1]†
0 ≤ r ≤ m, 0 ≤ r′ ≤ m, r 6= r′
b ∈ J, b′ ∈ J¯ \ J
c ∈ J \ {j0}
(
∏
j∈J Sℓq,j)
respectively. Let
R = Spec k[Sℓq,j]j∈J/(
∏
j∈J
Sℓq,j).
Then we have a commutative diagram
]U×•,k[Q•
//

]U ′•,k[Y′•

]R[R•
// ]R[V′•
in which the vertical arrows are isomorphisms. Since Rα → V
′
α is smooth, ]R[Rα→]R[V′α
is a relative open polydisk.
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3.5 Functoriality; composition
Next we consider about the composition. Let X ′′
g
−→ X ′
f
−→ X be the morphisms of
strictly semistable schemes over V . Let {Yi}i∈I , {Y
′
j }j∈J , and {Y
′′
q }q∈Q be the irreducible
components of Y , Y ′, and Y ′′. Let
Ji = {j ∈ J | f(Y
′
j ) ⊂ Yi}
Qi = {q ∈ Q | f ◦ g(Y
′′
q ) ⊂ Yi}
Qj = {q ∈ Q | g(Y
′′
q ) ⊂ Y
′
j }
for i ∈ I and j ∈ J , and
I0 = {i ∈ I | Ji 6= 0}
I00 = {i ∈ I | Qi 6= 0}
J0 = {j ∈ J | Qj 6= 0}
Ji,0 = Ji ∩ J0.
Take open coverings {Uh}h∈H , {U
′
g}g∈G, and {U
′′
e }e∈E of X , X
′, and X ′′ with admis-
sible coverings {Zh}h∈H , {Z
′
g}g∈G, {Z
′′
e}e∈E . Let
L = E ×G×H.
For ℓ = (e, g, h) ∈ L, we write Zℓ = Zh, Z
′
ℓ = Z
′
g, and Z
′′
ℓ = Z
′′
e .
For m ≥ 0 and α = (ℓ0, . . . , ℓm) ∈ L
m+1, let J˜α be the ideal of
∑
i∈I00, j∈Ji,0, q∈Qj
m∏
r=0
(Yℓr,i ×Y
′
ℓr,j ×Y
′′
ℓr,q) ⊂
m∏
r=0
(Zℓr × Z
′
ℓr × Z
′′
ℓr)
and P˜′′α be the blowing-up along J˜α. Let I˜α be the ideal of
m∏
r=0
(SpwfW × SpwfW × SpwfW ) ⊂
m∏
r=0
(SpwfW [tℓr ]
† × SpwfW [sℓr ]
† × SpwfW [uℓr ]
†),
and T˜α be the blowing-up along I˜α, here tℓr ’s, sℓr ’s, and uℓr ’s are indeterminates. Then
the diagonal embedding SpwfW [t]† →
∏m
r=0(SpwfW [tℓr ]
†×SpwfW [sℓr ]
†×SpwfW [uℓr ]
†)
lifts to SpwfW [t]† → T˜α. Denote
q˜α :
m∏
r=0
(Zℓr × Z
′
ℓr × Z
′′
ℓr)→
m∏
r=0
(SpwfW [tℓr ]
† × SpwfW [sℓr ]
† × SpwfW [uℓr ]
†)
be the natural morphism, and let
θ˜α :
⊕
n≥0
q˜−1α (I˜α)
n →
⊕
n≥0
J˜ nα
be the induced homomorphism of graded rings. Let V(θ˜α(tℓr), θ˜α(sℓr), θ˜α(uℓr))
m
r=0 be the
closed weak formal subscheme of P˜′′α defined by all images of degree-1 elements tℓr , sℓr ,
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and uℓr by θ˜α. Let P˜
′
α be the complement of V(θ˜α(tℓr), θ˜α(sℓr), θ˜α(uℓr ))
m
r=0 and the strict
transforms of
(Yℓr,i × Z
′
ℓr × Z
′′
ℓr)×
∏
0≤r′≤m, r′ 6=r
(Zℓr′ × Z
′
ℓr′
× Z′′ℓr′ )
(Zℓr ×Y
′
ℓr,j × Z
′′
ℓr)×
∏
0≤r′≤m, r′ 6=r
(Zℓr′ × Z
′
ℓr′
× Z′′ℓr′ )
(Zℓr × Z
′
ℓr ×Y
′′
ℓr,q)×
∏
0≤r′≤m, r′ 6=r
(Zℓr′ × Z
′
ℓr′
× Z′′ℓr′ )
for all i ∈ I, j ∈ J , and q ∈ Q in P˜′′α. Then we have a natural morphism P˜
′
α → T˜α. Let
P˜α = P˜α ×T˜α SpwfW [t]
†. Then the exceptional divisor Q˜α is a normal crossing divisor
on P˜α. We can define a simplicial dagger space Q˜•,Q, complexes of sheaves B˜
•
• , and an
element RΓrig(f, g; {Zh}h∈H , {Z′g}g∈G, {Z
′′
e}e∈E) in C
b
rig,K0
as before. Moreover we have
a commutative diagram
RΓrig(X ; {Zh}h)
++❱❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
xx♣♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣♣

RΓrig(f ; {Zh}h, {Z′g}g)
tt❤❤❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
❤❤
RΓrig(f ◦ g; {Zh}h, {Z′′e}e)
∼=
(♯)
// RΓrig(f, g; {Zh}h, {Z′g}g, {Z
′′
e}e) RΓrig(X
′; {Z′g}g)
∼=
OO

oo
RΓrig(g; {Z′g}g, {Z
′′
e}e)
(♯)
∼=
kk❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱
RΓrig(X ′′; {Z′′e}e)
∼=
ff◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆◆ ∼=
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
∼= (♯)
OO
(3.4)
in Cbrig,K0. So the construction in the last subsection is compatible with composition.
Remark 3.5.1. That the maps with (♯) in the diagram (3.4) are quasi-isomorphic can
be showed by local description as the proof of Lemma 3.4.1.
Considering the case f is identity and the case g is identity, we can show that
RΓrig(X , {Zh}h∈H) and the construction (3.2) are independent of the choice of admissible
liftings up to canonical quasi-isomorphisms. In other words, RΓrig gives a functor from
the category of strictly semistable schemes over V to the derived category of Cbrig,K0 .
4 Log rigid syntomic cohomology
4.1 Definition
Let X be a strictly semistable scheme over V . Große-Klo¨nne proved that the base change
of the log rigid complex over K0 is quasi-isomorphic to that over K ([GK3] Theorem
3.4). This quasi-isomorphism depends on the choice of an uniformizer of K. We follow
his construction. We refer the second section of [GK3] for more details.
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Let NY be the log structure on Y defined as the inverse image of NX . Let {Yi}i∈I be
the irreducible components of Y . Choose an open covering {Uh}h∈H of X with admissible
liftings {Zh}h∈H . For i ∈ I let Nj be the preimage of ideal of Yi in Y by NY → OY . Let
Lj be the line bundle on Y associated to a principal homogeneous space Nj over O
×
Y .
For a non-empty subset J ⊂ I, let MJ =
⋂
j∈J Yj, and let NMJ be the inverse image
of NY on MJ . For j ∈ J let
LjJ = Lj ⊗OY OMJ
V jJ = Spec(SymOMJ
LjJ)
P jJ = Proj(SymOMJ
(OMJ ⊕ L
j
J)).
For a non-empty subset J ′ ⊂ J let
V J
′
J =
MJ∏
j∈J ′
V jJ , P
J ′
J =
MJ∏
j∈J ′
P jJ
and write VJ = V
J
J , PJ = P
J
J . Then there is a natural open immersion V
J ′
J →֒ P
J ′
J .
Let N jJ,∞ be the divisor on PJ which is the pull-back of the divisor P
j
J \ V
j
J on P
j
J . Let
N jJ,0 be the divisor on PJ which is the pull-back of the zero section divisor MJ → P
j
J on
P jJ . Let DJ be the divisor on PJ which is the pull-back of the divisor MJ ∩
⋃
j∈I\J Yj
on MJ . Let NPJ be the log structure on PJ defined by the normal crossing divisor⋃
j∈J N
j
J,∞ ∪
⋃
j∈J N
j
J,0 ∪DJ . Let NV J′
J
and N
P J
′
J
be the inverse images of NPJ on V
J ′
J
and P J
′
J . For m ≥ 0 let
Λm = {λ = (J0(λ), . . . , Jm(λ)) | ∅ 6= J0(λ) ( · · · ( Jm(λ) ⊂ I}.
For λ ∈ Λm let
Vλ = V
J0(λ)
Jm(λ)
, Pλ = P
J0(λ)
Jm(λ)
.
Let
(Mm,NMm) =
∐
λ∈Λm
(MJm(λ),NMJm(λ))
(Vm,NVm) =
∐
λ∈Λm
(Vλ,NVλ)
(Pm,NPm) =
∐
λ∈Λm
(Pλ,NPλ).
Then we have a simplicial fine S0-log scheme (M•,NM•) and a simplicial S-log scheme
with boundary (V•,NV•) →֒ (P•,NP•).
Take an open covering {Uh}h∈H of X and admissible liftings Zh’s of Uh’s, and let Uh
be the weak completion of Uh. Let Yh = Zh ×SpwfW [t]† SpwfW . For m ≥ 0 and h ∈ H,
let Y
(m)
h =
∐
λ∈Λm
Yh, Um,h =
∐
λ∈Λm
Uh, and Pm,h = Pm×Y Uh,k. Refining the covering
{Uh}h∈H if necessary, we can take boundary exact closed immersions ((Vm,h,NVm,h) →֒
(Pm,h,NPm,h)) → ((Vm,h,NVm,h) →֒ (Pm,h,NPm,h)) into smooth S˜-log schemes with
boundary. Then we have natural quasi-isomorphisms
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RΓ0((Y,NY ); {(Yh,NYh)}h∈H)
→ RΓ0((M•,NM•); {(Y
(m)
h ,NY(m)
h
)}h∈H, m≥0)
→ RΓ0(idM• ; {(Y
(m)
h ,NY(m)
h
)}h∈H, m≥0, {(Vm,h,W ,NVm,h,W )}h∈H, m≥0) (4.1)
← RΓ0((M•,NM•); {(Vm,h,W ,NVm,h,W )}h∈H, m≥0)
← RΓ((V•,NV•) →֒ (P•,NP•); {(Vm,h,NVm,h) →֒ (Pm,h,NPm,h)}h∈H, m≥0)
and
RΓ((V•,NV•) →֒ (P•,NP•); {(Vm,h,NVm,h) →֒ (Pm,h,NPm,h)}h∈H, m≥0)⊗K
→ RΓK((M•,NM•); {(Vm,h,V ,NVm,h,V )}h∈H, m≥0)
→ RΓK(idM•; {(Um,h,NUm,h)}h∈H, m≥0, {(Vm,h,V ,NVm,h,V )}h∈H, m≥0) (4.2)
← RΓK((M•,NM•); {(Um,h,NUm,h)}h∈H, m≥0)
← RΓK((Y,NY ); {(Uh,NUh)}h∈H)
← RΓK((Y,NY ); {(X,NX)}).
And we have natural maps
RΓK((Y,NY ); {(X,NX)})
(♦)
←−− Γ(XK ,GdanΩ
log,•
X )← Γ(XK ,GdanΩ
•
X)
= Γ(Xan, i∗GdanΩ
•
X)← Γ(X
an,GdanΩ
•
Xan)← Γ(X
an,Gdanw
∗Ω•X) (4.3)
(♭)
←− Γ(X,Gdan+ZarΩ
•
X)
(♮)
−→ Γ(X,GdZarΩ
•
X)→ RΓdR(X/K).
Here, GdZar and Gdan+Zar are Godement resolutions associated to PZar(X)→ XZar and
PZar(X)
∐
Pt(Xan)→ XZar, where PZar(X) is the set of Zariski points of X with discrete
topology, XZar is the Zariski site of X. The maps (♭) and (♮) are obtained by [CCM]
Proposition 4.9. RΓdR(X/K) is the derived de Rham cohomology of X, which is an
object in CbdR,K ([Bei3] section 3.4). Note that these maps are always quasi-isomorphic
except (♦).
By quasi push-out construction ([CCM] Remark 2.12), we obtain the p-adic Hodge
complex RΓHdg(X ) associated to X from the maps (3.1), (4.1), (4.2), and (4.3). By the
functoriality of RΓrig proved in previous subsections and the functoriality of RΓ0 and
RΓK , it is independent of all of the choice of data up to canonical quasi-isomorphisms,
and defines a functor from the category of strictly semistable schemes over V to pHDK .
We consider the condition
(HK): the map (♦) in (4.3) is quasi-isomorphic.
When X satisfies (HK), RΓHdg(X ) represents an object in p˜HDK . We define the p-adic
Hodge cohomology group of X by
H iHdg(X , n) = H
i(RΓHdg(X )(n))
which is an object in MFadK (φ,N).
Definition 4.1.1 (log rigid syntomic cohomology). For a strictly semistable scheme X
over V , we define the log rigid syntomic cohomology group by
H isyn(X , n) = Ext
i
pHDK
(K0,RΓHdg(X )(n)) = HompHDK (K0,RΓHdg(X )(n)[i]).
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4.2 Properties
For a strictly semistable scheme X over V , put
H iA(X , n) = H
i(A•0(RΓHdg(X )(n)))
= H irig(Y/K0)⊕ F
nH idR(X/K)
H iB(X , n) = H
i(B•0(RΓHdg(X )(n)))
= H irig(Y/K0)⊕H
i
rig(Y/K0)⊕H
i
rig(Y/K)
H iC(X , n) = H
i(C•0(RΓHdg(X )(n)))
= H irig(Y/K0)
H iα(X , n) = H
i(Cone• Φ0(RΓHdg(X , n)))
H iβ(X , n) = H
i(Cone•Ψ0(RΓHdg(X , n))).
The following proposition is concluded easily from the definition.
Proposition 4.2.1. For strictly semistable scheme X over V , there exist long exact
sequences as follows.
...

...

· · · // H iB(X , n)
// H iα(X , n) //

H i+1A (X , n)
Φ //

H i+1B (X , n)
// · · ·
· · · // H iB(X , n)
Ψ // H iC(X , n)
//

H iβ(X , n)
//

H i+1B (X , n)
// · · ·
H i+2syn (X , n)

H i+2syn (X , n)

· · · // H i+1B (X , n)
// H i+1α (X , n) //

H i+2A (X , n)
//

H i+2B (X , n)
// · · ·
...
...
Proposition 4.2.2 (Leray spectral sequence). If X satisfies (HK), there exists a spectral
sequence
Ei,j2 = Ext
i
MFadK (φ,N)
(K0,H
j
Hdg(X , n))⇒ H
i+j
syn (X , n) (4.4)
degenerating at E3.
Proof. With renumbering, the spectral sequence (4.4) is associated to the canonical fil-
tration of a representing complex of the object in Db(MFadK (φ,N)) corresponding to
RΓHdg(X ) (cf. [De] 1.4.5). Note that MFadK (φ,N) does not have any injective ob-
jects except for 0, but Ind(MFadK (φ,N)) has enough injective ([St] Theorem 2.2) and
Db(MFadK (φ,N)) is a full subcategory in Ind(MF
ad
K (φ,N)) ([Hu1] Proposition 2.2). Since
Ei,j2 = 0 for i ≥ 3, it degenerates at E3.
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For smooth scheme X we denote the original rigid syntomic cohomology of Besser
by H˜ isyn(X , n).
Proposition 4.2.3. When X is smooth over V , there exists a direct decomposition
H isyn(X , n)
∼= H˜ isyn(X , n)⊕H
i−2(Cone•(1−
φ
pn−1
: RΓrig(X )→ RΓrig(X ))).
Here RΓrig(X ) is a (log) rigid complex of X (for a choice of a family of local embeddings).
In particular, if X is smooth projective and 2n−i 6= 0, 1, then H isyn(X , n) and H˜
i
syn(X , n)
coinside.
Proof. We write specializations of RΓHdg(X ) by M•rig, M
•
K , and M
•
dR. By Remark 2.4.1,
[CCM] Proposition 5.10 and Remark 2.9 (iii), H isyn(X , n) and H˜
i
syn(X , n) are computed
as the cohomology groups of the total complexes of
M•rig ⊕ F
0M•dR → M
•
rig ⊕M
•
rig ⊕M
•
K →M
•
rig (4.5)
(x, y) 7→ (0, x− φ(x), x − y)
(x, y, z) 7→ x− pφ(x)
and
M•rig ⊕ F
0M•dR → M
•
rig ⊕M
•
K (4.6)
(x, y) 7→ (x− φ(x), x− y)
respectively. Since (4.5) splits to a direct sum of (4.6) and a translation of
1− pφ :M•rig →M
•
rig, (4.7)
we have
H isyn(X , n) = H
i(Cone• (4.6)[−1])⊕H i(Cone• (4.7)[−2])
= H˜ isyn(X , n)⊕H
i−2(Cone•(1−
φ
pn−1
: RΓrig(X )→ RΓrig(X ))).
H i−2(Cone•(1 − φ
pn−1
: RΓrig(X ) → RΓrig(X ))) equals zero if and only if 1 −
φ
pn−1
on
H i−2rig (X ) is surjective and on H
i−1
rig (X ) is injective. So the statement follows from a
consequence of the Weil conjecture (cf. [KM]).
4.3 Log syntomic cohomology of a simplicial strictly semistable scheme
Let X• be a simplicial strictly semistable scheme over V such that each Xi satisfies (HK).
By the functoriality, we have canonical maps
RΓHdg(X0)→ RΓHdg(X1)→ RΓHdg(X2)→ · · · .
in pHDK . Let
RΓ′Hdg(X0)→ RΓ
′
Hdg(X1)→ RΓ
′
Hdg(X2)→ · · · (4.8)
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be the corresponding sequence in Db(MFadK (φ,N)). Fix a representing complex M
•
i of
RΓ′Hdg(Xi) for each i. For every i ≥ 0 we can take maps
M•i → N
•
i+1
∼=
←−M•i+1
such that they representM•i →M
•
i+1, and the second leftwards arrow is quasi-isomorphic.
Put L•0 =M
•
0 and L
•
1 = N
•
1 . For i ≥ 2 let L
•
i be the quasi-pushout of
L•i−1 ←M
•
i−1 → N
•
i .
Then we obtain the sequence
L•0 → L
•
1 → L
•
2 → · · · (4.9)
in Cb(MFadK (φ,N)) with quasi-isomorphisms M
•
i → L
•
i . Note that in D
b(MFadK (φ,N)),
(4.9) is isomorphic to (4.8). When we have another sequence
L′•0 → L
′•
1 → L
′•
2 → · · · ,
we have a commutative diagram
L•0
//

L•1
//

L•2
//

· · ·
L′′•0
// L′′•1
// L′′•2
// · · ·
L′•0
//
OO
L′•1
//
OO
L′•2
//
OO
· · · ,
here L′′•i is the quasi-push out of the diagram L
•
i ←M
•
i → L
′•
i , and the vertical arrows are
quasi-isomorphic. Therefore the image of the total complex of (4.9) in Db(MFadK (φ,N))
is independent of all choices, we denote that by RΓ′Hdg(X•). We define the log rigid
syntomic cohomology of X• by
H isyn(X•, n) = HomDb(MFadK (φ,N))
(K0,RΓ′Hdg(X•)(n)[i]).
4.4 Chern class map
Let X be a strictly semistable scheme satisfying (HK). We construct the functorial Chern
class maps
csyn : Ki(X )→ H
2j−i
syn (X , j)
in the similar way to [Bes] Theorem 7.5 based on Huber’s method.
Let
cunivj ∈ H˜
2j
syn(B•GL, j) = lim−→
n
H˜2jsyn(B•GLn, j)
be the universal Chern class constructed in the section 7 of [Bes]. We also write cunivj its
image in H2jsyn(B•GL, j) through the canonical inclusion given by Proposition 4.2.3.
For i ≥ 0 we have maps
Ki(X )
∼=
←− lim
−→
U•
πiTot(Z× Z∞B•GL(U•))→ lim−→
U•
πiTotZ∞B•GL(U•) (4.10)
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where U• runs through all finite open covering of X considered as affine simplicial
schemes, and the first leftwards arrow is isomorphic.
For a simplicial cosimplicial abelian group {Am,n}m,n∈N, write the associated complex
by Ass•(A•,•). Let
Hom(Um,BnGL) = lim−→
r
Hom(Um,BnGLr).
Then there are natural maps of simplicial sets
Z∞[B•GL(Un)]→ ZZ∞[B•GL(Un)]
∼=
←− Z[B•GL(Un)]→ Q[Hom(Un,B•GL)]
which induce a map
πiTotZ∞B•GL(U•)→ H
−i(Ass•(Q[Hom(U•,B•GL)])). (4.11)
For objects L• and M• in Cb(MFadK (φ,N)) we have a map of complexes
Q[HomCb(MFadK (φ,N))(L
•,M•)]→ Γ•(L•,M•)[−2]
sending f ∈ HomCb(MFadK (φ,N))
(L•,M•) to
(f, f, 0, 0, 0, 0) ∈ Hom0(L•,M•)⊕ F 0Hom0(L•K ,M
•
K)⊕Hom
−1(L•,M•)
⊕Hom−1(L•,M•)⊕Hom−1(L•K ,M
•
K)⊕Hom
−2(L•,M•)
= Γ−2(L•,M•).
By taking direct limit for quasi-isomorphisms M• →M ′•, we obtain a map
Q[HomDb(MFadK (φ,N))(L
•,M•)]→ lim−→
M•→M ′•:qis
Γ•(L•,M ′•)[−2] ∼= Γ•(L•,M•)[−2]
in Db(Ab). Since the total complex of the double complex associated to
{Γ•(RΓ′Hdg(BnGLr),RΓ
′
Hdg(Um))}m,n
is equal to Γ•(RΓ′Hdg(B•GLr),RΓ
′
Hdg(U•)), the maps of complexes
Q[Hom(Um,BnGLr)] → Q[HomDb(MFadK (φ,N))(RΓ
′
Hdg(BnGLr),RΓ
′
Hdg(Um))]
→ Γ•(RΓ′Hdg(BnGLr),RΓ
′
Hdg(Um))
induce
Ass•(Q[Hom(U•,B•GLr)])→ Γ•(RΓ′Hdg(B•GLr),RΓ
′
Hdg(U•))
in Db(Ab). Then we get a map
H−i(Ass•(Q[Hom(U•,B•GL)])) → lim−→
r
Ext−i(RΓ′Hdg(B•GLr),RΓ
′
Hdg(U•)) (4.12)
= lim−→
r
HomDb(MFadK (φ,N))
(RΓ′Hdg(B•GLr),RΓ
′
Hdg(U•)[−i])
Composing (4.10), (4.11) and (4.12), we obtain
α : Ki(X )→ lim−→
r
HomDb(MFadK (φ,N))
(RΓ′Hdg(B•GLr),RΓ
′
Hdg(X )[−i])
since we have a natural isomorphism RΓ′Hdg(X ) → RΓ
′
Hdg(U•). We define the syntomic
Chern class map
csyn : Ki(X )→ H
2j−i
syn (X , j)
by assigning α(x)(cunivj ) to x.
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